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A finite-state automaton (FSA) A is a 5-tuple (3, Q, 1, F,§) where A weighted finite-state automaton A over a semiring W = (K, ©,©,0,1) is a
® 3 is an alphabet; 7-tuple (X, Q.. F.0, A, p) where
® Qs a finite set of states; ¢ Y is a finite alphabet;
® |/ C Qs the set of initial states; * Qs a finite set of states;
® FC Qis the set of final or accepting states; ® I C Qis a set of initial states;
* 5 C Qx (XU{e}) x Qis a finite multi-set. * FC Qis a set of final states;

* 0 C QAx (XU{e}) x K x Q a finite multi-set of transitions;
* )\ : Q— K an initial weighting function over the set of states Q;

* p: Q — K a final weighting function over the set of states Q.
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A path 7 is an element of ° with consecutive transitions We denote sets of paths with capital I1.

® TI(A) as the set of all paths in automaton A;

® TI(s;.A) as the set of all paths with yield s € ¥°;

We use p (7) “ q1 and n () “ qu to denote the origin and the destination of a o TI(q; A) as the set of all paths starting at state q € Q;
path, respectively.

The length of a path is the number of transition in it; we denote it as |7|.

The yield of a path is the concatenation of the input symbols on the edges along

(qI 2 @2~ 3. a1 — qN), where o is a placeholder.

® TI(q,q'; A) as the set of all paths from state g to ¢’;
* 11(q,s,q’;.A) the set of all paths from state g to ¢’ with the yield s

the path, which we will mark with s (7). e 1(Q;4) = |J 11 (q)

e Q
We say a path 7 is a cycle if the starting and finishing states are the same, and , . ,
we say that a path contains a cycle if the same state appears more than once in 11(Q, Q5 A) = U 11(q.9);
the path. A WFSA for which some 7 € I1(.A) contains a cycle is called cyclic. 9€QdeQ

* 1(Q5, Q5 A) = |J M(asq):

Q de; b/% b /o3 a/o. 9€Q,7€Q’
M (1_ /n ';3’3 / 3&, & / il >JF The indexing with A will be dropped if the WFSA in question is clear from the

context.
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Algorithm 9.1

def FrLoyp-WarsHALL ALGoriTHM(G):

let W be a N x N adjacency matrix of a graph G



let dist be a N x N array of minimum distances initialized to infinity.
Jor each edge (u,v):

dist[u][v] < Wu][v]
end for

> Assign the weight of the edge (u, v

> “pre-processing” O(N % E[Nr(—j o

OCN*)

Jor each vertex v: O(N
dist[v][v] - 0
end for
Jor k from 1 to N: O(N
Jor ifrom1toN:
Jor j from 1 to N :
if dist[i][j] > dist[4][k] + dist[k][4]:
dist[¢][5] « dist[¢][k] + dist[k][7]
end if
end for
end for
end for
return dist
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Algorithm 9.2

def SEMIRINGMATRIXMuLTIPLICATION(A, B):

let A and B be square matrices of size N x N

let C be an empty N x N matrix
Jornfrom1toN:

Jor pfrom 1to N :
sum < 0
Jor m from1to N:
sum < sum @ A[n][m] @ B[m][p]
end for
C[n][p] < sum

O(n?)



end for
end for
return C'

Algorithm 9.3

def Matrix MurtipLicaTiON FLoyp-WarSHALL(W ):
let W be the initial adjacency matrix featuring paths of length 1
Jor each vertex k in N :

wk=0 > = WP (zero-path length)
end for
Jor each vertex k in N : > O(N)
Wk =wkg (Wk_1 W) > matrix multiplication O(N?)
end for
return W*

PANIE ri-thw
def LEHMANN’s ALGORITHM(W ):
W be a N x N array of minimum distances initialized to 0
Jor each edge (u,v):

W[u] ['U] — W[u] [v] > this corresponds to W' (one step path length)
end for
for each vertex v:

W ][]  Wv][v] > this corresponds to W'
end for

for k from1to N :
forifrom1ltoN:
Jor j from1to N:
W(il[j] < Wil[j] Wil [k] @ WK][k]* @ Wk][j])
end for
end for
end for
return W




