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STA 104 Summary

Topic

Content

Parametric vs non-
parametric

Non-parametric statistics uses techniques that do not require typical assumptions of traditional techniques.

In a traditional test, we assume:
1) Random sample was taken, or equivalently the X; values are independent.
2) The sample size n = 30 (CLT), and the population is normal

When we do not have these assumptions above, the distributions based on CLT cannot be used, which means we need to
assume a named distribution. This is what non-parametric do. It is often called “distribution free”.

When assumptions are NOT violated, the parametric tests have more power.
When assumptions are violated, the non-parametric tests have more power.
* Power = 1 — P(Type Il error) = P (Reject Hy | Hy False)

Test for single median

Binomial test

We use median because we do not have these assumptions in parametric tests. Median is actually a proportion, which is
50%. 6,,, denotes all possible medians. 6, is the hypothesized median. n is the sample size.

Assumption: A random sample was taken from the population (equivalently, observations are independent).

Step 1: State the null and alternative hypothesis

Hy:0,, =0, v.s. Hi:0,, # 6, (Hy:p =0.5 Hyi:p # 0.5) (two — sided)

Hy:0,, < 6,, v.s. Hi:0,, > 6,, (Hy:p < 0.5 Hy:p > 0.5) (right tail, one — sided)
Hy:0,, = 6, v.s. Hi:0, <65, (Hy:p = 0.5 Hi:p <0.5) (left tail, one — sided)

Step 2: Calculate the test statistic
Bt =#of X; > HT*n,B+~Binomial(n,%)

Step 3: Calculate p-value

Hy:6,, #+ 6, (Hy:p=0.5 H;:p # 0.5) => p—wvalue = 2(min {P(X = B*), P(X<B™)})

Hy:6,, > 6, (Hy:p <05 H;:p>05) => p—wvalue = P(X > BY)

Hy:0,, < 6, (Hy:p =05 H;:p<05) => p—value = P(X<BY)

Interpretation: If the true median equals to 6,,,, we can observe our data or more extreme with probability p-value.

Step 4: Reject Hy if p-value < a

Normal Approximation
to Binomial test

When we have a reasonable sample size, we may assume B* = N (np,/np(1 — p)) based on CLT, where p = 0.5
under Hy. We now can use a z distribution.




Assumption: A random sample was taken from the population (equivalently, observations are independent), and there
are at least 5 observations above and below the hypothesized median.

Step 1: State the null and alternative hypothesis

Hy:0,, =0, v.s. Hi:0, # 6, (Hy:p =0.5 Hy:p # 0.5) (two — sided)

Hy: 0, <6, v.s. Hj:0, >0, (Hy:p < 0.5 Hyi:p > 0.5) (right tail, one — sided)
Hy: 0, =6, v.s. Hi:0, <0, (Hy:p=0.5 Hi:p <0.5) (left tail, one — sided)

Step 2: Calculate the test statistic
= S—n(O.S)’ where S = Bt = # of X; > 6,,, Bt*~Binomial(n, %)

Zs = J/n(0.25)

Step 3: Calculate p-value

Hy: 6, # 60, (Hy:p =05 Hi:p #05) => p—wvalue = 2P(Z > |Zg|)

Hy:0,, >0, (Hy:p <0.5 Hi:p>0.5) => p—value = P(Z > Zs)

Hy:0,, <0, (Hy:p =05 Hi:p<05) => p—value = P(Z < Zs)

Interpretation: If the true median equals to 6,,, we can observe our data or more extreme with probability p-value.

Step 4: Reject Hy if p-value < a

Confidence Interval for
median

Find a (1 — @)100% confidence interval for the median, using the normal approximation to binomial.

Step 1: Get the location
Lower bound location = —z,_a x (+/0.25n) + 0.5n
2

Upper bound location = +z,_a » (+v/0.25n) + 0.5n + 1

Step 2: Find the number in the rounded location to get the confidence interval

(Xlower bound location’ Xupper bound location)

Estimation for
Percentile and CDF

Find a (1 — @)100% confidence interval for the CDF at x.

Step 1: Get the proportion

F(x) = p ="LZ N,/ - p)/n)

Step 2: Get the lower and upper bound

Lower bound: p — z,_a *./(p(1 —p))/n
2

Upper bound: p + z,_a * /(p(1 — p))/n
2




Step 3: Convert the lower and upper bound to percentile
(lower bound percentile, upper bound percentile) X 100%

Confidence Intervals
for percentiles

Find a (1 — a)100% confidence interval for the (p*)100%" percentile.

Step 1: Get the location
Lower bound location = n(p*) — z,_a * \/p*(1 —p*)n
2
Upper bound location =n(p*) + 1 +z,_a* /p*(1 —p*)n
2

Step 2: Find the number in the rounded location and get the confidence interval

(Xlower bound location’ Xupper bound location)

# When we get a location equals to 0 or n+1, we should use 1 or n as our location,

Tests for two groups

Comparing two means

The goal is to determine whether two means are statistically different. Assumptions for parametric test are:
1) Random sample from both groups
2) Groups are independent
3) X; and X, are normal

Permutation test for
two groups

Let F; (x) = CDF for group 1, F,(x) = CDF for group 2. If the distributions for the groups are equal, F; (x) = F,(x).
Both groups are from the same population.

Assumption: A random sample was taken from each group, groups independent.

Step 1: state the null and alternative hypothesis

Hy:F,(x) = F,(x) v.s Hy:Fi(x) = F,(x) or F;(x) < F,(x) (two — sided) # distributions are different
Hy: F;(x) < F,(x) (right tail, one — sided) # group 1 tends to be larger than group 2
Hy: F;(x) = F,(x) (left tail, one — sided) # group 2 tends to be larger than group 1

Step 2: Calculate the observed statistic and all permutations
D985 = X, — X, or D985 = total, — total, or D985 = median, — median,

Permutations = (mr:n) — (m:n) _ (min)!

min!

Step 3: Calculate the permutation p-value

_ S < _ #ofDi|z|DO5S]
Hy: Fi(x) = F(x) or F(x) < F(x) => ermutations.
#of D;=2DOBS

permutations

Hy:Fi(x) < F,(x) =>




#of D;<DOBS
permutations

Hl:Fl(x) > Fz(x) =>
Step 4: If p-value < a, reject H,,.
# When we have asymmetric distributions, we use the median to compare outliers. Otherwise, we use total or mean.

## If the sample sizes of each group are the same, the test results from total and mean are the same. Otherwise, the
results will be different.

Approximate
Permutation Test

Steps for an approximate permutation test (for coding):

1) Record D9BS

2) Create one vector of all observations

3) Randomly shuffle the (m + n) observations, and assign first m to group 1, last n to group 2

4) Compute D; = observed difference (in means/medians/totals)

5) Repeat step 3 and 4, R > 2000 times

6) Based on these R random values of D;, we have an approximate p-values are:
Hy:F,(x) = F,(x) or F;(x) < F,(x) => (#of |D;| = |[D°55]) /R
Hy:F;(x) < F,(x) => (#of D, = D9BS) /R
Hy:F,(x) = F,(x) => (#0of D; < D985) /R

7) If p-value < «a, reject H,

Confidence Interval for
p-value

A (1—a)100% ClI for a p-value p* is:

p*=x Zl_g\/p*(l —-p*)/R

Normal Approximation
to permutation

We use the overall mean x* and overall standard deviation S™* in our test statistics. For this test, we need n + m > 30.
Assumption: A random sample was taken from each group, groups independent.
Step 1: state the null and alternative hypothesis
Hy: Fy(x) = F,(x) v.s Hy:Fi(x) = F,(x) or F;(x) < F,(x) (two — sided) # distributions are different
Hy: F;(x) < F,(x) (right tail, one — sided) # group 1 tends to be larger than group 2
Hy:F;(x) = F,(x) (left tail, one — sided) # group 2 tends to be larger than group 1

Step 2: Calculate the test statistic

XX _ Xp—X"
2s = 5im O s = S
= Y o — ! Y
where x* = m+n2xl,S \/m+n_12(xl x*)

Step 3: Calculate the permutation p-value




Hy:F;(x) = F,(x) or F{(x) < F,(x) => p —value = 2P(Z > |Zg|)
Hy:F;(x) < F,(x) => p —value = P(Z > Zs)
Hy:Fi(x) = F,(x) => p —value = P(Z < Zs)

Step 4: If p-value < «, reject H,.

Wilcoxon Rank Sum
(WRS) test

Assumption: A random sample was taken from each group, groups independent.

Step 1: State the null and alternative hypothesis

Hy:F,(x) = F,(x) v.s Hy:Fi(x) = F,(x) or F;(x) < F,(x) (two — sided) # distributions are different
Hy: F;(x) < F,(x) (right tail, one — sided) # group 1 tends to be larger than group 2
Hy: Fi(x) = F,(x) (left tail, one — sided) # group 2 tends to be larger than group 1

Step 2: Calculate test statistic
1) Combine the m + n values into one group
2) Calculate the rank for each data point:
R(x;)) =#ofdata<x;, i=1,...,m+n
Note: If there are ties, average the ranks of the tied observations, and assign the tied values as their ranks
3) Calculate the total rank in group 1 (arbitrary choice of groups). This is our test statistic, Wops = X group 1 R(X;) -

Step 3: Calculate the exact p-value
Permutations = (™'™), W; = sum of rank in group 1

Hy: Fy(x) = Fy(x) or Fy(x) < F,(x) => 2 min (# of WiZWoBS’ #of WiSWOBS)

permutations © permutations

#of WizWops

permutations
#of WisWops

permutations

H]_: Fl(X) < Fz(x) =>
H]_: Fl(X) = Fz(x) =>
Step 4: If p-value < a, reject Hy,.

# WRS tends to have higher power when the distribution is skewed, outliers are present, since assigning ranks
essentially removes all influence of both issues.

## Permutation tests tend to have higher power when the distribution is thought to be symmetric, and when using the
mean.

Large Sample
Approximation to WRS

LetN=m +n, and R(x,), ..., R(xy) be the corresponding combined ranks of the two groups. Let S; = sum of ranks in
group 1.




Under the assumption that the distributions are equal, every R (x;) should have been equally likely to come from both
groups.

Assumption: A random sample was taken from each group, independent groups, combined sample size at least 30.
Step 1: State the null and alternative hypothesis
Hy: Fi(x) = F,(x) v.s Hy:Fi(x) = F,(x) or F;(x) < F,(x) (two — sided) # distributions are different
Hy: F;(x) < F,(x) (right tail, one — sided) # group 1 tends to be larger than group 2
Hy: F;(x) = F,(x) (left tail, one — sided) # group 2 tends to be larger than group 1

Step 2: Our test-statistic is

7, = Wons~EISi
o§

where Wyps = Zgroup 1R(x), E[S;] = mug, of = Tvn—jlé

where iz = ~ R R(x,), 0F = ~2(R(x;) — %z)?

If N > 30, we have 51~N(myR,'7V"_01’2‘)

# If there are no ties, then E[S;] = m(l\;+1), o5 = w

Step 3: Get the p-value

Hy:Fi(x) = F,(x) or Fi(x) < F,(x) => P(Z > |Zs])
Hy:Fi(x) < F,(x) => P(Z > Zs)

Hy:Fi(x) =2 F,(x) => P(Z<Zs)

Step 4: If p-value < a, reject Hy,.

Mann-Whitney Test
(alternative to WRS)

Let X3, ..., X,, be our sample from group 1.
LetY,, ..., ¥, be our sample from group 2.

Assumption: A random sample was taken from each group, groups independent.

Step 1: State the null and alternative hypothesis

Hy:F,(x) = F,(x) v.s Hy:F;(x) = F,(x) or F;(x) < F,(x) (two — sided) # distributions are different
Hy: F;(x) < F,(x) (right tail, one — sided) # group 1 tends to be larger than group 2
Hy:F;(x) = F,(x) (left tail, one — sided) # group 2 tends to be larger than group 1

Step 2: Calculate test statistic




Unw = (# of pairs (X; <Y;)) +5 (# of pairs (X; = ;)

# If group 1 is lower than group 2, U,y Will be closed to the maximum # of pairs.
## If group 1 is larger than group 2, Uy, Will be closed to 1.

### Number of possible pairs = m*n

##### The test statistic is in U or Mann-Whitney Distribution.

Step 3: Calculate p-value

Let Ul_% = (1 — %) 100%" percentile of U (upper)

Let Us = (%) 100" percentile of U (lower)

Hy:Fi(x) = F,(x) or F(x) < F,(x) => If Uyw > U1—% or Uyw < U% => <«
Hy: Fi () < Fy(x) => If Uy < Uz => <=

Hy: F(0) 2 Fy(6) => If Uyw > Uyp_e => <=

# Need to look at the table of Mann-Whitney Distribution.

Step 4: If p-value < a, reject Hy,.

Kolmogorov Smirnov
(KS) Test

Assumption: A random sample was taken from each group, groups independent. Distributions should be continuous.

Step 1: State the null and alternative hypothesis
Hy: Fy(x) = F,(x) v.s Hy:Fi(x) = F,(x) or Fi(x) < F,(x) (two — sided) # distributions are different

Step 2: Calculate test statistic
Let F, (x) = empirical CDF of group 1
Let F,(x) = empirical CDF of group 2
Then,
1) Combine the data from both groups
2) Calculate F; (x) for both groups observations
Calculate F, (x) for both groups observations
3) Calculate the difference between F, (x) — F,(x) for all observations
4) Our test-statistic is then Ks = max |Fy(x) — £, (x)|

Step 3: Calculate p-value

The p-value is a permutation p-value:

(#of |F(x) — ()| = K)/(™™)

or divided by R if it’s a random permutation test




Step 4: If p-value < a, reject H,.

Confidence Interval for
shift parameter

Step 1: Find all n*m pairwise differences, X; —Y;

Step 2: Order the pairwise differences, call them pwd(1), pwd(2), ..., pwd(n*m)
Step 3: We want the locations, call them ka and kb

P(pwd(ka) < A< pwd(kb))=1—-a => ka<U<kb—1

# kb - 1 because of discrete data

Step 4: Confidence interval is (ka = U« + 1, kb = U, _a)

# If Cl of A has both bounds > 0, then group 1 has larger distribution/measurement than group 2.
## If Cl of A has both bounds < 0, then group 1 has smaller distribution/measurement than group 2.
### 1f Cl of A has contains 0, then there is no significant difference between group 1 and group 2.

Choose an appropriate
test

Distribution Statistic Winner

Symmetric Mean Permutation
Symmetric Median Wilcoxon Rank Sum
Asymmetric Mean Wilcoxon Rank Sum
Asymmetric Median Permutation

Tests for three or more groups

ANOVA (non-
parametric,
permutation based)

Notation: Assume we have K groups

Let X;; = jt" observation from it"group # The idea is the same as parametric ANOVA.
Let n; = sample size of it"*group We compare the difference in means to the
Let X; = sample mean of i**group overall mean to the spread of each group.

Let S? = sample variance of i‘"group
Let N = overall sample size = ¥¥ , n;

k —
_ ;L
Let X = overall sample mean = %

The following measure the difference between groups:

SST = Sum of squared treatment = ¥ . n; (X; — X)?
SST

MST = —
k-1

The following measure the variances within each group:




SSE = ¥¥ ,(n; — 1) S7 = Sum of square errors

MSE = 35E
N—k

Test statistic:
__ MsT

S T MSE
# When F; is large => variance between groups is larger than within groups => means are significantly different
## When F; is small => variance between groups is smaller than within groups => means are not significantly different

Assumptions (traditional):

1) Random samples are taken from all k groups

2) All k groups are independent

3) 01 = 0, = -+ = g, equal variance (Levene’s Test)

4) €;;~N(0, g¢) independent and identically distributed (QQ plot and Shapiro-Wilks Test)

# When the assumptions do not hold, we do not know what the distribution of F;. But, we can find the permutation
distribution.

Assumptions (non-parametric):
A random sample was taken from each group, groups independent.

Step 1: State the null and alternative hypothesis

Ho:Fi(x) = F(x) = - = F(x) v.s. Hi:Fi(x) < Fj(x) or F;(x) = F;(x) forsome i # j
Step 2: Calculate the observed test statistic

MST
Fops = MSE

Step 3: Find the permutation p-value:
Possible permutations = ik

nqlnyl.ng!

We can also use random permutations:

1) Randomly assign the N observations into the k groups, R > 4000 times
2) Calculate the R values of F;, denote F;

3) Our p-value is (# of F; = Fyps)/R

Step 4: If p-value < a, reject H,.

Kroskall-Wallis (KW)
Test (permutation
based)

Kroskall-Wallis test uses ranks rather than the actual X;; values. Has confidence interval.

Assumptions:




A random sample was taken from each group, groups independent.

Step 1: State the null and alternative hypothesis
Hy:Fi(x) = Fp(x) = - = F(x) v.s. Hi:Fi(x) < Fj(x) or F;(x) = F;(x) forsome i # j

Step 2: Calculate the test statistic

1 —  N+1)?
KWops = QZ{% n; (Ri - T) )
Where S2 = variance of ranks, regardless of groups, R; = mean rank of each group

# This form of KW test works whenever ties are present or not

Step 3: Calculate the approximate permutation p-value
p-value = (# of KW; > KWygs)/R

Step 4: If p-value < a, reject Hy.

Large Sample
Approximation to
Kroskall-Wallis Test

If the n;’s are large, but an assumption of ANOVA is violated, we may use a large sample approximation.
Motivation: In traditional ANOVA, we know that SST /a2 is distributed X2 with df = k — 1.

Now, replace X;; with R;;, which is the corresponding ranks, we can see:
_ 2
SSTe = 2ieym (R — )
But the normalizing constant for the X distribution has changed (since we are using R;;)
E[c(SSTR)] = k — 1 (since we know E[X2_,] = k — 1), which gives ¢ = 1/S2
This gives our test statistic as:
N+1

1 vk ) 2 2
KW = gziﬂ n; (Ri - T) ~Xk-1

Assumptions:
A random sample was taken from each group, groups independent, combined sample size at least 30.

Step 1: State the null and alternative hypothesis
Ho:Fi(x) = Fp(x) = - = F(x) v.s. Hi:Fi(x) < Fj(x) or F;(x) = F;(x) for some i # j

Step 2: Calculate the test statistic
1 —~  N+1\2
KW =2 3Ean (Ri- )

Where S2 = variance of ranks, regardless of groups, R; = mean rank of each group




Step 3: Calculate the p-value
p-value = P(X2_, > KW)

Step 4: If p-value < «, reject H,.

Asymptotic Bonferroni
and Tukey cutoffs
(Corrections for
multiple comparisons)

Assumptions:
A random sample was taken from each group, groups independent, combined sample size at least 30.

Bonferroni (BON) cutoff:
BON=2Z, « [SZ (ni + i)

2g i mj

Tukey (HSD) cutoff:

HSD =q, (k,df = N — k) /5,% (ni + ni)
i j

Parametric version of Tukey:

We reject H,, if |X; — X;| = qo(k, df = N — k) /MSE (ni+ni)
i j

If |Ri - Ej| > BON or HSD, we may conclude that the specific group have significant different average ranks.

Permutation cutoff for
Bonferroni and Tukey

Assumptions:
A random sample was taken from each group, groups independent.

There are (’2‘) possible permutations. Compare the p-values to g.
Step 1: Randomly shuffle each observation into a group, R>4000.

Step 2: Pick a comparison measure, T;;. Common values are |X; — X;|, |R; — R;|, [median; — median;],

Step 3: For each R permutation, calculate Q;; = max |T;;|

Step 4: Let g* () be the (1-a)100" percentile of Q;;. Then groups i and j are significant different if |[T,7%%| > q*(a).
We can also find the p-value = (# of Q;; > |T,3"°|)/R. If p-value < a, groups i and j are significant different.




Kroskall-Wallis v.s.
Permutation

The KW test will have higher power than a permutation test when:
1) Outliers are present

2) The distribution of one or more groups is skewed

3) The distribution of one or more groups has “heavy tails”

Test for linear relationship

Parametric test for
correlation

Assumptions:
1) Pairs are independent (random selection of pairs)

2) (x;,y;) are distributed bivariate normal, where r = — ¥ | (xi_f) (yl—_y>
n-1 Sx Sy

Let p denote the population correlation between numeric variables X and Y. We measure n pairs of data, (x;, y;).

Step 1: State the null and alternative hypothesis
Hy:p=0 v.s. H:p#0
Hy:p=0 v.s. H:p<O0
Hy:p<0 v.s. H:p>0

Step 2: Calculate the test statistic

Step 3: Calculate the p-value

Hi:p#0 => p—value=2P(t > |t])
Hi:p<0 => p—value=P(t <ty
Hi:p>0 => p—value=P(t >t,)

Step 4: If p-value < a, reject Hy,.
We can also create linear regression line and a test for the slope:

True model: Y; = Sy + f1x; + €;
Least square line: § = B + B1%, fy =1 (Z_z) B, =7 — B%
Assumptions:

1) Pairs are randomly sampled/independent
2) €,~N(0,c2) independent and identically distributed




Step 1: State the null and alternative hypothesis
Hy:B1 =0 v.s. H:p; #0
Hy:$1 =0 v.s. Hi: ;<0
Hy:$1 <0 v.s. Hi:p; >0

Step 2: Calculate the test statistic

~ .—%)2 )2
ty = P [FE2 ~t(df =n—2) , where MSE = 220

Step 3: Calculate the p-value

Hi:Bi #0 => p—value =2P(t > |t5|)
Hi:p; <0 => p—value=P(t<t)
Hi:B; >0 => p—value =P(t > tg)

Step 4: If p-value < a, reject Hy,.
#If B, or p = 0 =>no linear relationship between X and Y

## If B, or p < 0 => negative linear relationship between X and Y
### If B, or p > 0 => positive linear relationship between X and Y

Permutation test for the
slope

Common reasons we use a hon-parametric test:

1) Outliers present (violates normality)

2) Non constant variance (violates normality)

3) Small sample size (may not be able to conclude normal)

Assumptions:
A random sample of pairs of data was taken.

Step 1: State the null and alternative hypothesis
Hy:f1 =0 v.s. H:f; #0
Hy:$1 =20 v.s. Hi: ;<0
Hy:$1 <0 v.s. H:;>0

Step 2: Calculate the observed test hypothesis
30BS — estimated least-squares slope = r i—y
X

Step 3: Calculate the permutation p-value




There are n ways to pair the first y; with an x;, then n-1 ways to pair the second y; with an x;, etc. There are n! possible
permutations.
1) Permute the data and calculate 3}
2) Repeat for either
i) All n! permutations
i) R > 3000 random permutations
3) The actual or estimated permutation p-values are

Hi: By #0 => M (actual) or M (estimated)

OBS L<"
Hi:p; <0 => %(actual) ori

"%)

(estimated)

R
2i530BS .
Hi:B; >0 => %(actual) or%(estlmated)

Step 4: If p-value < a, reject Hy,.

Large Sample Assumptions:

approximation to A random sample of pairs of data was taken, combined sample size at least 30.
permutation test for the

slope Step 1: State the null and alternative hypothesis

Hy:p=0 v.s. Hi:p#0
Hy:p=0 v.s. H:p<QO0
Hy:p<0 v.s. H:p>0

Step 2: Calculate the test statistic
Zs = —r\/n— ~N(0,1/yn—1)

1/V

Step 3: Calculate the p-value
Hi:p#0 => 2P(Z > |Z|)
Hi:p<0 => P(Z<Z)
Hi:p>0 => P(Z>Z,)

Step 4: If p-value < a, reject Hy.

Spearman’s Rank Let R(X;) =rank forx;,i = 1,...,n; R(Y;) =rankfory;, i =1, ...,n.
Correlation R(x) = average rank of x;, Sg(y), = standard deviation of rank of Y;

Step 1: State the null and alternative hypothesis
Hy:ps =0 v.s. Hi:ps #0
Hy:ps <0 v.s. Hiips >0




Hy:ps =20 v.s. Hi:ps <O

Step 2: Calculate the test statistic
o= L yk (R(xi)—ﬁ(x)) (R(yi)—ﬁ(y))
R SR®)

Step 3: Calculate the p-value

Hi:ps #0 => 2P0 > |rg])

Hy:ips >0 => Py >r)

Hi:ps <0 => Ps<ry)

#IfHi:ps <0, P(ry < —c) =P(ry >¢)

Step 4: If p-value < a, reject Hy.

Kendall’s Tau

Kendall’s Tau does not use ranks directly, but also does not use the original data.

Suppose we looks at a pair of (x;, y;), say (xq, y1) and (x,, y,).
1) If as X increases, Y tends to increase, then we should see x; > x, => y; > y,.
2) If as X increases, Y tends to decrease, then we should see x; > x, => y; <y,.

We use this to describe “discordant” and “concordant™ pairs.
Concordant pairs: If X; <X; => Y; <Y, orequivalently (X; —X;)(;—Y;)>0(orX;>X; => Y,>Y)
Discordant pairs: If X; < X; => Y; >V, orequivalently (X; —X;)(; —Y;) <0(orX;<X; => Y;>Y))

If most pairs are concordant => positive linear relationship
If most pairs are discordant => negative linear relationship

The “population” value of Kendall’s Tau is
T =2P[(X; — X;)(Y; — ¥;) > 0] — 1, which is a rescaled probability of concordant pairs.

If all pairs are concordant, T = 1. If all pairs are discordant, Tt = —1. If exactly half are concordant, half are discordant,
T=0.

There are (7)) total pairs (X;, X;), (¥;, ¥;) then

Uy = 1if (X; — X;)(Y; = ¥;) > 0 (concordant)
Uiy = 3 if (X, — X,)(Y; = ¥;) = 0 (tied)

Ui =0if (X; — X;)(Y; = ¥;) < 0 (discordant)




Let V; = X_i41 Uij = # of concordant pairs for it" value (x;, y;).
#j =i+ 1 ensures that we are never comparing the same pair.
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Exact Hypothesis Test | Step 1: State the null and alternative hypothesis
fort Hy:t=0 v.s. H:t#0
Hy:t<0 v.s. H:t>0
Hy:t=20 v.s. H:t <0

Step 2: Calculate test statistic
2[2?=_11Vi]
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Step 3: Calculate the p-value

Hi:t#0 => 2P0y > |rz])

Hi:t>0 => Py >r)

Hi:t1<0 => Py <r)

Step 4: If p-value < a, reject Hy.

Permutation test for | Same step 1 and 2 as exact hypothesis test for t

Step 3: Calculate the p-value
Hi:t#0 => (#717 = |roms])/R
Hi:t>0 => (#717 =708s)/R
Hi:t<0 => (#77 <7085)/R

Step 4: If p-value < a, reject Hy.

Asymptotic The following formula can be used with or without ties.
Approximation for t Let s; = # of ties for the i*" tied value of X
Let t; = # of ties for the i*" tied value of Y
When to use which 1) When there are no outliers, and the distribution is approximately symmetric (but with low sample size) use a
correlation permutation test for the slope.

2) When outliers are present in the data, use Spearman’s of Kendall’s.




3) Kendall and Spearman tend to have similar results, but Spearman tends to have higher power at low sample sizes, and
Kendall has higher power in large sample sizes.






