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STA 108 Math-related Summary

Simple Linear Regression

Matrix Approach of Linear Regression

Model Yi=F+0Xi+eg ,i=123,.,n Y=XB+e¢
where we have n pairs of observations Y, 1 X1 X2 Xip Bo &
1 X, X X &
X1, 11) .. (K V) where Y = Y:'Z X =1, :21 :22 . :Zp B = ﬁ;l e=|7 when we
Yn nx1 1 an XnZ an nx(1+p) ﬁp (1+p)x1 &n nx1
have n observations and p inputs in each observation.
Prerequisite £~N(0,0?) independent and identically distributed | e~N(0, a2I)
(iid) 1) E(e) =0
1) &, ..., &, are independent 2) Var(e) = o?1
2) E(EL)ZO, i2: '1,2,3,...,71 0_2 O . 0
3) Var(g) =02 i=1,2,3,...,n ¥3) 02] = 0 0.2 0
0 0 - o2
The variance-covariance matrix tells the ¢; are independent and have constant variance o2. All
covariance terms are zero, only diagonal is o2, which means they are uncorrelated. As a result, under
normality, this indicating independence.
Distribution g~N(0,02),Y;~N(By + B1X;,0%) e~N(0,02%I),Y~N(XB,c?I)
Expectation EY) =EBy + B X + &) E(YY)=EXB+¢)

and variance
of Y

=E(Bo) + E(B1 X)) + E(g)
=po+ B Xi+0

=[Bo + BiX]

Var(Y;) = Var(By + f1X; + &)
= Var(Bo) + Var(BX;) + Var(e;)
=040+ o?

=[0?]

=E(XB) + E(¢)
=XB+0

- [z

If the means of Y3,Y,, ..., Y, are uq, 4y, ..., iy, then the mean of the random vector Y is:
Ha
H2

Hn
Var(Y) = Var(Xp + €)

=Var(XB) + Var(e)
=0+0%l
=|c?%I

The variance-covariance matrix of the random vector Y is:

E(Y) =




Var(Y;) Cov(Yy,Y,) Cov(Yy,Y,)
Var(y) = Cov(%/z, Y1) Var:(Yz) Cov(ljz, Y.)
Cov(Y,,Y;) Cov(Y,Y,) Var(Y,)

SXX' SYY' SXY

Sxx = 2(X; — X)?
Syy=2(Y; —¥)?
Sxy = Z(Xi _X)(Yi - }7)

Sxx=2(X; —X)? =Y X7 —nX? = X"X — nk?
Syy=2(Y; —¥)?2 =Y Y? —n¥? = YTY — n¥?
*Syy = 2(X; —X)Y; - V) =Y X;Y, —nXY

Ordinary
Least Square
(OLS)

Q(ﬁo:ﬁﬁ) = leisn(yi —Bo— .31Xi)2
[T;,TOHBI} Yi<isn(Yi — Bo — B1X;)?

55 = 220~ By~ PiX) =0

2= Bo— X)) =0
2Yi—XPo—BXXi=0
nY —nBy—npX=0
nY —np X =np,

/?0:7_[?1

>

d
55 = 22X (Y~ Bo — BiX) = 0
1

ZXi(Yi —Bo _lei) =0
XY, —BoXXi— XX =0

XY -V -BX)IX -/ XX*=0
XY -YIX+BXTX — B XX =0

5 _ LXYi-nXY _ Y(Xi—X)Y; _ R(i—X)(v;-Y)

b= YX2-nX?2 ~ (X;—X)?

L(xi-%)?

Q(B) = rr}gin(Y -XB)'(Y —XB)
= min(Y"Y — BTXTY — YTXB + BTXTXP)
= min(V"¥ — 2BTXTY + BTXTXPB)

‘;—z = —2XTY +2XTXB =0

XTXpB = XTY
(XTX)"1XTXB = (XTX)"1XTY

B =X"X)"'XTy|

1 X
1 1 1 - 1711 X

xyTy — 2
X=ly, x % oxl
1 X

_[1+1+"'+1 X1+X2+"'+Xi]_[
X X+ e+ Xy XEHXE+ e+ XA T

n

XX XXt

in]

**(XTX)-1=+[ZX5 —ZXL-]:;Z_Z[ZX? —ZXi]
-G l-3x, a1 apeEl-rx n
¥ X7 -2 X;
_ 1 Y X? —ZXi]_ 1 [ZXiZ —ZXi]_nZ(xi—X)z N R (X —X)?
T on(Ex?-nx?) [- Y X, n 1 nIx-02[-yX, n | |_-Zx n
nYK—X?  nIK—RK)?




1 X2 -X
At S To-ne
-X 1
TX-X? -0,

Y,
wrnyTy — 1 1 1 - 1] Y, =[ Y, +Y, +-+Y, ]
X]_ XZ X3 ces XTL X1Y1+X2Y2+...+Xnyn
Yo
1 X2
_+ — Z Y
sk = (XTX)"1xTy=[" Z_(;i-X)Z Z(Xl1 X)2 ZX Y] I
T(X;—X)? T (X;—-X)?

-nXy > XY _ Y X;Y;—nXyY

i

nx1

+2XY(

Z(X X)z) X(X; _X)z)

Z(XL X)Z) + L XY, (Z(x X)Z)

_ XX=Xi-Y) _ Sxy _ B

LY (Z(X X)Z) +L XY (Z(X X)Z) TE0? T IG-X? | S(X-X)?

X(Xi—X)? Sxx
1 X X _ 1’1_7 = nXy v ZXiYi v S nXy _ ZXin-
XY ( + X; X)Z) +2X; (Z(X X)Z) =t XZ(Xi—)?)Z TXi-0? r+x (Z(Xi—’?)z Z(Xi—’?)z)
5 51N, Y X;Y; _ nXxy _v_ Y. X;Y;—nXY V_vp _p
=Y+x-(-1 (Z(Xi—X)Z Z(xi—X)Z) =Y X( Y(X;—-X)? ) =Y =Xp=Fo
. 7 - Xﬁl 2]
B=X"X)TX"Y = |sxi-ni-n)| = [ﬁo]
T(X=X)? Prlysa
*****Variance-covariance of ﬁ
1 n X2 -X
We know that Var(B) = (XTX)™'0?,and (X"X)7' = |" 2_(;1-—)()2 E(Xil_x)z :
Txi-%)? L(x-X)?
0._2 + X202 -Xo?
As a result, variance-covariance of fi =" _Zj?(:zi_X)z Z(X;X)z
L—X)? L(—X)?

Maximum
Likelihood
Estimation
(MLE)

Probability density function (pdf) in normal
distribution N(0,0?):

1 r-u)? .
) = 5oz OXP [— o2 ] , Where p is the

Probability density function (pdf) for Y~N(u, X) in matrix form:




mean for Y, o2 isthe variance of Y. —0o <Y <

00,
Likelihood function:
L(Bo, b1, 02| (Y, X)) = Ty ez exp [ - 255] |

where €;~N(0,02) independent and identically
distributed.

L(Bo, B1, 02| (Y, X)) = [T} 1\/— p[—%]

2102

p[ ¥i—Bo— Ble)]

202

l 1V2na

We use the log-likelihood function, which is easier:

0'2|(Yi:Xi))

]

1(Bo, 1,

— n 1
= 10g (11 777z

= log((ﬁ) (6®)~ zexp[ 2022( i —Bo—
ﬁ1Xi)2D

= log ((\/%)n) - glog(az) - #Z(Yi —Bo—
B1X;)?

6[?0 =0-0 ——Z 2(Y; = Bo— P1X) =0
2 =Bo—piX) =0

XY, —XBo— B 2XXi=0

nY —npy —npX =

nY —np X =np,

>

/?0:}7_31

! oty of Ofn
n 1 Ty-1 2 2 2
fr(y) = (\/%) (det(2)) 2 eXp[ Y-wTE 1 (y- u)] where g1 = Mz L z=|t | ve
Hn oh OR T
RTl
We know that u = XB, X = oI
1\" _1 Y-wTr1(y-
r0) = (357) (et(®) 2 exp [~ 2
_ (1" 21\ _=xp)T (@’ (Y-Xp)
= (\/ﬁ) (det(c?D)) zexp[ >
1\" 2 Y-Xp)"(Y-Xp)
= () (@et(e?D) 2 exp |-+
1
o 0 0 z 0 0
2 L
We can see that det(o?I) = det O 0: O = (e, (azl)‘1=9 o 0 —%1_
2 : : ‘. :
0 0 0 ¢ o 0 o X

Likelihood function:

L(B,o*| (¥, %) = (=) @ Fexp |-

202

(Y-xp)"(Y-XB)

, where the model error is €~N(0,c2I).

We use the log-likelihood function, which is easier:

I(B,c?|(Y,X)) = log(( )(det(azl)) zexp[

= log((ﬁ)n) —Zlog(0?) - T-XB)T(v-Xp)

202

) o T -1yTy —
aﬁ_o 0 (XX) XTy=0

XTXp = XTy
XTX)1XTXB = (XTX)"1XTy

B =X"X)"'XTY|

(Y—Xﬁ)T(Y—Xﬂ)D

202




——=0- 0——2 —2X;(Y; = o — P1Xi)) =0

aﬁl
2Xi(Y; — Bo— Br1Xi) =0
XY= BoXXi =B XX =0
TXY— (Y =BX)EX —pIX =0
XY~V EXi+ B XEX —f XX =0

5 _ LXYi-nXY _ Y(Xi—X)Y; _ X(Xi—X)(v;-Y)
b= Sxrmre = Sarmr - s0i?

b — Sxv

br=5_

al

O _o_9m 2y -9 1 L
dsZ 0 do? [2 log(o )] do? [20'2
Bo — B1X)?]
n 1
=—g'= Z(GZ)ZZ(Y Bo — B1Xi)*
1
= 2L S - By~ fiX)? =

52 = L5 (Yi — B -

B1Xi)2

2 —2X,(Y; -

2L L Oy gy -xp) =0

— s (V= XB)T (Y —XB) =0

+%-#-(Y—Xﬁ)T(Y—Xﬁ) =0

%= (Y~ XB)(Y — XB)

a2~ (g2)2

0% = (¥ —XB)" (¥ — XB)

52 = 2(Y - XB) (Y - XB)

Interpret ﬁ

[1: For one-unit increase in X, the Y will increase/decrease by |5;| on average.

Bo: When X equals to zero, Y equals to f3,.

Expectation of
£ (show
unbiases)

2(Xi—X)Y;
E(ﬁl) E (Z(X X)Z)

_ 2%
T X x-%)?

_ 2%
T X x-%)?

E(Y)

(Bo + B1X:)

Y(Xi—X) 2Xi—X)X;
= Bot+ b7

X(x;-%)2"0

=0+ﬁ1

L(x;—X)?

E(B) = E(X"X)"1XxTY)
= (XTX)'XTE(Y)
= XTX)"' X" xp
=Ip

[

##1f W = AY, then E(W)

= AE(Y)




=&

E(Bo) = E(Y - p1X)
=EY) - E(5X)

—F (%Z Yi) — XE(B,)

= ZEM) - X

=N EBo +BiX) — BX
=~ ho+AIX) - piX

= ~(nBo +nprX) — B, X
=Bo + B X — B X

Variance of 8

Let C:Z(Xi—)?)z,ci :Xl_)?

var(,) = vor (H )

1
=5VarXeY)

1
= X c#var(v)

¥l
=5 Var(yy)
— >Xi-X)?2 5
[Ex;-%)2]?

0.2

T Ix-n2

2

Sxx

Var(B) = Var((XTX)"'XTY)

= XTX) " XTVar(¥)((XTX)~1XxD)T
= (XTX)XTX(XTX) 1021

- [0

##1f W = AY, then Var(W) = AVar(Y)AT




Var(By) = Var(Y — 5, X)
= Var(Y) + Var(p,X)

1 —_— ~
= Var (;Z Yi) +X%ar(B,)
_ 1 N 4 g2
= nZZ Var(Y,)) + X Sen

1 2 v2 0'2
==no“+X°—

n Sxx
0-2

1 —
=-g%+ X?
n Sxx

1, Xx?
D
n - Sxx

Fitted Model

Vi=PB+FX; ,i=1,2,3,..,n

=Y -V=Yi—(fo+hX),i=123..,n

Y =XB =XX"X)"1XTY = HY

E=Y-XB=Y-XX"X)"'X"Y = (- H)Y , B~N(B,(X"X)"c?)

Properties of

~

&

1) E(&) =E(Y;— 1)
= E(Yi - Bo _B1Xi)
= E(Y) — E(Bo) — E(BiX)
= Po + B1Xi — Bo — B1X;
=0
2)Var(§) =Var(Y; - Y,)
= Var(Y; + Bo + B X;)
= Var(¥;) + Var(B,) + Var(B,X;)
=02 + g2 (l + }?—2) + %Var(Xi)

n SXX

X207

2
=02+Z4+"=+0
n

Sxx

=o2(1+1+5)

n  Sxx
3) Y& =X -1)
=XY-X¥
=X(Bo + friX; + &) — Z(Bo + BlXi)
=YBo+hrXi+Ye -2 —hH XX

1) E® =E(Y - XB)
=EY) - E(XB)
= EY)-XXTX)"IXTE(Y)
=XB-XXTX)"1XTXpB
=XB - XB
=0
2) Var(&) =Var(Y — XB)
=Var(Y) — Var(Xﬁ)
=2l - XXTX) " X"Var(Y)(X(XTX)"1xT)T
=2l - X(XTX)IXTX(XTX)"1XT 521
=02l — X(XTX)"1XTo21
= (I — H)o?
*3) The hat matrix H = X(X7X) 1XT is symmetric and idempotent.
Symmetric: dim(H) = n X n, which is a square matrix, and:
HT = (X(XTX)~1xT)T
— (XT)T((XTX)—I)TXT
= X(XTx)"1xT
=H




=nBy +nf X +0—npy +np X

nPy +npiX —n¥ —np X +np X

nPBy + npX —n¥Y

n(Bo + f1X —Y) ##(X,Y) ison the line
=nlY-Y)

=0

4) ¥ &% < Y(Y; — po — w1 X;)? for all real numbers
Uo and p,. Fitted line is based on OLS, thus always

has the smallest error than other lines.

5) XXi&=0

6) LY & =0

7) The fitted regression line passes through the point
of averages (X,Y).

The fitted regression line is ¥; = B, + f,X;, we
plug (X,Y) into the fitted line and get:

Y = By + B1X, notice that B, = ¥ — B, X, let’s
substitute f,, and we will get:

V=7-pX+p%

=~
Il
r-<

Idempotent: HH = X(XTX)"1XTX(XTx)~"1xT
=X(XTx)"1xT
=H
**4) The matrix (I — H) is also symmetric and idempotent
Symmetric: dim(I — H) = n X n, which is a square matrix, and:
(I -H)T=(-XXTX)"1x")TI
— IT _ (X(XTX)—le)T
= 1= (XY (XTX))TXT
=1- X(X"X)71x"

=I-H
Idempotent: (I — H)(I — H) = I*> — IH — HI + H?
=I-H-H+H
=I-H

*%#5) (1-H)H=IH—HH=H-H>*=H-H=0
HI-H)=HI-HH=H-H*=H-H=0
*HkkQ) § =Y —Xﬁ
=Y -XXTX)"1xTy
=(I—-H)Y
£81Y & &Y =0 since Y is the projection of Y then & =Y — ¥, which should be
perpendicular to Y.
8 Y=8"Y=YTU-H)Y =Y"(I-H)HY =YTIHY — YTHHY = YTHY —YTHY = 0
81X ® &-X=0 since Y is the projection of ¥ onto the column space of X and & 1Y, so
g1X.
X=X=YT(U-DX=YTIX-YTHX =YX - YTX(X"X)"1XTX=Y"X-Y'X=0

()3

Estimators of

Var and SD

(Replace o?

with MSE)

() =12

MSE

Sxx

5(5’1) =
s2(B,) = MSE (% + %)

s(Bo) = |MSE (3+5-)

s2(B) = XTX)"*MSE

s(B) = V(XTX)"1MSE

MSE | X*MSE -XMSE

B — (¥Ty)- _ |  ZG-X%2 Exi-X%)? 5\ _ MSE X’MSE 5\

If s2(B) = (XTX)"*MSE = tuen e | > then s%(Bo) = TJ’Z(xi—X)Z’SZ(Bl) =
Z(x;—X)? Z(x;—X)?

MSE 5 B —XMSE
sz SPoh) = 555




Sum Square
and Mean

Square

SSTO = Syy = L(Y; = Y)?

SSE=3& =3(Y - %)

SSR= Y(¥,—7)" (SSTO = SSE + SSR)

MSE = —E_ = 3£ (ynbiased estimator of 2
df(SSE)  n-2

MSR = —>% _ = SSR
df (SSR)

MSTO = _SSTO_ _ SST0

df(ssTO) ~ n-1
E(SSE) = (n — 2)c?

E(MSE) = o2

E(MSR) = 0® + ;> ¥ (X; — X)?

SSTO = Y(Y; - V)2 =Y Y? +n¥? = YTy — n¥?

SSE=Y(v,-7) =(¥y-?) (v-7) = (v - xB)" (¥ - XB) = YTy — BTXTY

SSR = Y (¥, - 17)2 = SSTO — SSE = BTXTY —nY? (SSTO = SSE + SSR)

MSE = —E_ = 33E qinbiased estimator of o2)
df(SSE) n-p
MSR = _SSB
df (SSR)
SSTO
MSTO = df (SSTO)
E(SSE) = (n—p) o2
E(MSE) = £555) _ 52
n—p

Central Limit

If the data are non-normal, we need the sample size n = 30 to make inference.

Theorem If the data are normal, no requirement on sample size.
Hypothesis 1) Hy:f =c, Hi: f #c, a = 0.05 (two-sided)
Testing . «_ PB-c

Step 1: Compute the t-statistic: t* = B

Step 2: Rejection Region rule:
Reject Hy if |t*] > ¢(1—2;n—2).

Step 3: Make conclusion, whether reject Hy.
2) Hy:f=c, Hi: f > ¢, a =0.05 (one-sided)

=)

a

Step 1: Compute the t-statistic: t* = (_3

—

©

Step 2: Rejection Region rule:
Reject Hy if t* > t(1—a;n —2).
Step 3: Make conclusion, whether reject Hy,.
3) Hy:f=c, Hi: B <c, a =0.05 (one-sided)
.. « _ B-c
1: he t- . = —.
Step 1: Compute the t-statistic: ¢ )

Step 2: Rejection Region rule:




Reject Hy if t* < —t(1 —a;n — 2).
Step 3: Make conclusion, whether reject Hy.
## When p-value < a, we can reject Hy.

## When calculating p-value for two-sided test, we should double the value we got from the table.

P-value P-value is the probability you observe the test statistic and more extreme than test statistic under the null hypothesis H,.
F-test How to test whether two models differ or not? Use F-test. Comparing the MSE from these two models by using F-test.
1) t-distribution
t-distribution with df=v defined as the distribution of random variable T:
T = % , where Z is a standard normal with mean 0 and variance 1; V has c chi-squared distribution with df=v; Z and V are independent. Since B =
(XTX)~XTY, and it is a linear combination of ¥, so B~N(B,a2(XTX)™1). Forasingle Byi=1,..,p, B; = N(Byo?(XTX); )
Then the Z-score (standardization) is _Bbi (0,1)|i=1,..,plor p+ 1 ifyou include the intercept)
1}0'2(XTX)L‘L'_1
*2) Chi-square distribution
T T([—
$~X2(df =n—p)|,where n—p = trace(I — H). Let V = ~ (IGZH)Y.
Bi-Bi Bi-Bi
o2(xTx),, Tx). 7t B.—B:
Now we can get T=£=‘/ (TXX)” =‘/(XX)” = Bb ~tldf =n—-p)i=1,..,p.
v \/y (I-H)Y YT (I-H)Y JMSE(XTX)'-_l
\/; a2(n-p) (n-p) v
3) F-distribution with df; and df, degrees of freedom is the distribution of
S1 yT(u-Hy)Y yTU-Hy)Y
F=%_ oem _ _om _ MSE, o (dfy =n—m,df, =n—p)| (when two models are independent)
52 T VU= — VI(i=Hp)V — MsE, 1 142 p p
42 a2(n-p) (n-p)
Confidence A (1 —a)100% confidence interval for f;:
Interval (CI)

B+ t(l ~Zin- 2)s(ﬁ1)
A (1 —a)100% confidence interval for By:
B, + t(l ~Zin- z)s(ﬁo)

Interpretation: We are (1 — @)100% confident that the true value of fy/f; is between xx and xx.




## By default, « = 0.05

Estimation of
Mean
Response at
X=X, (C)

1) When X = X}, we plug it into the fitted line:
Y = Bo + BiXn
2) Now we should get s(?h):

1) When X = X, =c,welet X, = [ﬂ and plug its transpose X} into the fitted line:

Yy = Bo + B Xy = X4B
2) Now we should get s(?h):

5 1, (Xp—X%)? 5
s2(f) = [ + | MsE| = s(7,) =
s2(Vn) = X3s2(B) Xy = X, (XTX)MSEXy| = s(V) = [s2(Vh)
Is2(?
s ( h) 3)A (1 —a)100% confidence interval for the mean response at X; is given by:

3)A (1—a)100% c?nﬁ.dence interval for the 7, (- R 2s(Tn)

mean response at Xj is given by: 2

7+ t(1— N s () Interpretation: We are (1 — @)100% confident that the mean value of ¥ when X = X, is between xx

2 and xx.

Interpretation: We are (1 — @)100% confident that | ## By default, & = 0.05

the mean value of ¥ when X = X}, is between xx

and xx.

## By default, « = 0.05
Prediction 1) When X = X}, we plug it into the fitted line: 1 . T. .

A R A 1) When X = X, =c, welet X, = [ ] and plug its transpose X}, into the fitted line:
Interval (PI) | Y, =B, + B1Xn ¢

2) Now we should get s(?h): Yy = Bo + BiXy = X,Tfi

_X)? 2) Now we should get s(¥},):
sz(pred)=[1+%+(xg—x)]MSE ) Now we should get 5(F,)
XX ~ PN
|s?(pred) = MSE + s2(¥,,) = MSE + X}s?(B)X;, = MSE + X},(X"X) ' MSEX,,|
= |MSE + s2(¥,
[psE + 52(Fa)] - sred) — JTOTeD

=> s?(pred) = /s%(pred) 3)A (1 —a)100% confidence interval for the mean response at Xj, is given by:

3)A (1—a)100% cc.)nﬁ.dence interval for the 7, (- R 2)s(pred)

mean response at Xj is given by: 2

7, + t(1— 20— 2)s(pred) Interpretation: We are (1 — @)100% confident that the predicted value of ¥ when X = X, is between

2 xx and XX.

Interpretation: We are (1 — a)100% confident that | ## By default, a = 0.05

the predicted value of Y when X = X; is between

xx and XX.

## By default, « = 0.05
Confidence A (1 —a)100% confidence band for the regression line is given by ¥}, + WS(?h), where W = \/2F(1 — a; 2;n — 2). (F-distribution)




Band

ANOVA For simple linear regression:
df Sum of square = Mean square F ratio P-value
Regression 1 SSR MSR MSR XXX
55 O (t")?

Error n SSE MSE

Total nt+l SSTO MSTO
Coefficient of 1) R? = SSR _ . _ SSE
Determination SSTO SSTO

2) Interpretation: We can say R2% of the variability in Y can be explained by X.

MSR MSE

2
3) Ryg? = 2R —q _ ME
) Raaj MSTO MSTO

4) R? is at least as large as R,y jz‘

5) 0<R*’<1

6) % = [corr(X,Y)]?

7) R? is unit free (does not depend on X or Y)

8) R? =1 means perfect linear association between X and Y (R? = 1>SSE=0<>Y,(Y; — 171)2 = 0®Y; = Y; foralli)

9) R? = 0 means no linear association between X and Y. However, a nonlinear association may exist. (R? = 0®SSR=O®Z(17L- — 17)2 = 0¥, =Y foralli)

MSE is an N2 AT -
unbiased SSE = Z(Yi B Yi) - (Y B Y) (Y B Y)
estimator for | Y = XB = X(X"X)"'X"Y = HY

a? Plug ¥ = HY into SSE:

SSE = (Y — HY)T(Y — HY)
= [(I - H)Y]"[(I — H)Y]
=YT(I— H)T(I — H)Y ## (I-H) is idempotent

=YT(I- H)Y ## Expected Value of Quadratic Form
Get the expectation of SSE: Let Y be arandom vector, such that
E(SSE) = E(YT(I — H)Y) E(Y)= u, Var(Y)=2,and A isa
= tr[(I — H)o?I] + (Xﬁ)T(I —H)(XP) symmetric matrix, then:

— O'th'(I _ H) + ﬁTXTIXﬁ _ ﬂTXTHXB E(YTAY) = tT'(AZ) + ,LlTA‘LL




o?(tr(I) — tr(H)) + BTXTXB — BTX"X(XTX)'X"XB
=o*(n—p) +B'X"XB - B"X"XB
=d*(n—p)

E(SSE) _ o*(n=p)

We know MSE = >£ so E(MSE) =
n-p n-p n-p

= ¢2. As a result, we know that MSE is an unbiased estimator of 2.

NOTICE:

1. Do not guarantee 100% correctness of this document.

2. Texts in red mean the correctness of the content is uncertain.
3, % % kxk . mean something additional.

4. Texts begin with ## and in green mean notation.






